Spin networks in LQG
In

anoni al quantum gravity, we deal with three kinds of

of new
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onstraint. However, it does so at the
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ost of introdu ing a nonpolynomial reality

is real). Consequently, the modern treatment is to make
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Unlike the Wheeler-deWitt

onstraint, the rst two

have a natural ordering for the quantum operators

onstraints admit a

Ĝi

and

F̂a :

on ise set of solutions in the quantum theory. We

these ensure the wavefun tional

Ψ[A] to be

gauge-invariant

and 3d dieomorphism-invariant respe tively. This is a natural generalization of the Einstein-Hilbert-Ja obi interpretation
to the quantum theory.
Surprisingly, the spa e
spa e.

K

of these solutions admits a

ountable basis, whi h is a ne essary

ondition for it to be a Hilbert

Graph dis retization
We start by

A

onsidering a path

(Ashtekar-Barbero

evaluated on

x : [0..1] → Σ

in the 3d spatial manifold. In the presen e of the

onne tion), an important geometri al obje t is asso iated to

x:
hx [A] = P exp

ˆ1
0

The holonomy is obviously a

x,

lassi al quantity: it depends on a parti ular

lassi al

onguration

onne tion

Of ourse, if we

ontinue to make sense in the extreme

hoose the holonomy fun tional
ontained in

A

about the

ux = hx [A]

lassi al

onne tion

ases, when the smooth

to parametrize the

Aa (x).

A to another, given in terms of the

holonomies of paths. Intuitively we know that holonomies are mu h more fundamental than the

the information

gauge

Aa (x(τ )) ẋa (τ ) dτ ∈ SU (2).

Our obje tive is to pass from a des ription of the system given in terms of the
For example, the holonomies

SU (2)

whi h is the holonomy fun tional

onne tions themselves.

onne tion

an not be dened.

lassi al system instead of

onguration away from the path

A,

we loose all

x.

The solution to this problem is obvious: we keep introdu ing new paths until all regions of interest are lled with paths
and their endpoints. We end up with a
substitute for the
In fa t we
is

onne tion fun tion

olle tion of paths

Aa (x)

an generalize this further to the

alled an oriented graph, embedded into

themselves are

in the

{xi }

and their holonomies

lassi al des ription of the system.

ase when dierent paths

Σ.

{ui = hxi [A]},

whi h we happily

an meet at their endpoints. The resulting stru ture

The endpoints of paths are

alled the nodes of the graph, whilst the paths

alled links.

The following gure shows an example of the graph whi h we
link, whi h forms the se ond

onne ted

onsider here. This parti ular example

omponent of the graph:

1

ontains an isolated

To ea h link

e

of the graph we asso iate a group element

ue ∈ SU (2),

whi h is by denition equal to the holonomy of

evaluated on the embedding path of this link. We expe t the graph to be
information about

A

omplex enough in order to

A

apture as mu h

as needed to solve any parti ular problem.

It might seem that the theory depends on the parti ular

hoi e of the graph

Γ,

whi h is unelegant. This is indeed true

for now, but, as will be shown later, in the quantum theory dieomorphism invarian e for es us to
independent spa e of quantum states. There is thus a unique Hilbert spa e. I a tually

onsider a graph-

onsider this to be one of the most

beautiful insights of LQG.

Quantization
In the

onne tion formalism, quantization is a hieved by passing from the

quantized version, given by the wavefun tional

Ψ[A].

lassi al degrees of freedom

Aa (x)

Then we promote

and its

Aa (x) to their
E a (x) to

onjugate momentum

quantum operators, a ting on the wavefun tional via

Âa (x) Ψ[A] = Aa (x)Ψ[A],
δΨ[A]
.
δAa (x)

Ê a (x) Ψ[A] = −i~
The quantum dynami s of gravity is
that there

aptured in the

ould be (and there are) dierent

onstraints, whi h we have to promote to quantum operators. Note

hoi es of ordering, whi h in general give rise to unequivalent quantum

theories. Quantization is ambiguous.
In general, it is not possible to solve the
of the

onstraints and give a well-dened Hilbert spa e stru ture to the spa e of solutions

onstraints. But instead of quantizing, we

ould pass to the graph-dis retized degrees of freedom

quantize. This turns out to give a good denition of the Hilbert spa e
So we are given a graph embedded into

Σ,

and the

K0 .

lassi al degrees of freedom are the holonomies

{ue }

{ue }

and then

asso iated to

the links of the graph. Canoni al quantization requires us to pass to the wavefun tion des ription. The quantum state is
given by a fun tion

Ψ(u1 , . . . , um )

of

m

group elements (m is the number of links in the graph).

Ea h argument of the wavefun tion is an element of

SU (2).

Ψ ∈ K0 :

Thus,

Ψ

m

SU (2)

an be seen as a fun tion

→ C.

The next step is to dene the quantum operators a ting on the linear ve tor spa e of su h wavefun tions. A
the

anoni al quantization, the position operators are the

SU (2)-valued

ording to

holonomy operators asso iated with links:

Ûe Ψ(u) = ue Ψ(u).
Note that we don't have a

onne tion operator

Âa (x) anymore.

Instead, the holonomies evaluated on the links of the graph

be ome quantum operators. It is fundamentally impossible to obtain more information about
in

{ue }.

The analogue of the

onjugate momentum is given by the left-invariant ve tor elds on


i
d 
Jˆei Ψ(u) = −i~ Ψ u1 , . . . , ue etσ , . . . , um
dt
hΦ|Ψi =

Sin e

SU (2)

promote the

is

ompa t, we are to expe t a

e=1

ˆ

due

ountable basis in

onstraints to quantum operators and solve them.
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then it is

ontained

SU (2):

.
t=0

Moreover, we have a well-dened Hilbert spa e stru ture, given by the Haar measure on

m
Y

Aa (x)

SU (2):

Φ∗ (u) Ψ(u).

K0 .

Now that we have our Hilbert spa e, we are ready to

Harmoni

analysis on the group

As I have mentioned earlier, we have a natural denition of the Gauss and dieomorphism
theory. They

onstraints in the quantum

an be translated as requirements for the wavefun tion to be gauge-invariant and dieomorphism-invariant.

So we are left with the following problem: what are the gauge-invariant and dieomorphism-invariant subspa es of
In this se tion we

onsider the Gauss

of solutions of the quantum Gauss

onstraint, whi h is responsible for gauge invarian e. We will build the spa e

onstraint.

The rst step in the way to the denition of

K

is to give an expli it

the Peter-Weyl theorem (an important result of the harmoni

The Peter-Weyl theorem:

onsider a ompa t semisimple Lie group

valued square-integrable fun tions over
in

L2 (G)

ountable basis in

analysis on groups).

G,

G.

K0 .

This

K0 ?

K ⊂ K0

an be done by means of

We are interested in the spa e

L2 (G) of

omplex-

where we use the Haar measure to dene the integrals. An orthonormal basis

is given by a sequen e of subspa es labeled by irredu ible representations of the Lie algebra Lie(G):

L2 (G) =

M

Hρ ,

ρ

where

ρ

labels the irredu ible representations and the dimensionality of

Hρ

is given by

2

dim Hρ = (dim ρ) .
L2 (G)

The basis ve tors in

are thus given by a set of Wigner fun tions

β

[Wρ ]α :
where

α, β ∈ [1.. dim ρ].
ρ.

Moreover,

α and β transform as

G → C,

ovariant and ontravariant (respe tively) indi es in the irredu ible

representation

As a warmup,

onsider an ex eptionaly easy

applies nevertheless. The irredu ibles of

U (1)

ase: the group

U (1) are of

G = U (1).

It is not exa tly semisimple, but the theorem

topologi al nature. They are labeled by integer winding numbers. All

are of dimension 1, so there will be no

α

and

β

ase. In the polar

oordinate, the

where

number labeling the irrep. One re overs the Fourier series, whi h indeed gives a

ountable basis

over

Fourier series is a spe ial

the irredu ibles of

indi es in this

Wigner fun tions are given by

Wn (ϕ) = einϕ ,
n is the winding
L2 (S 1 ). Thus, the

In our

ase, the group is

SU (2)m .

ase of the Peter-Weyl basis.

The irredu ible representations of

spins. The dimensionality of the irredu ible representation of spin

j

su(2)

are labeled by nonnegative half-integers 

is

dim j = 2j + 1.
m
Thus, the irredu ibles of Lie(SU (2) ) are labeled with

αe and βe
(je , αe , βe ):

indi es
triple

olle tions of spins, one spin

belonging to the spin-je representation for ea h link

e.

je

for ea h link

e.

We also have two

All together, we label ea h link with an ordered

• je ∈ {0, 1/2, 1, 3/2, . . .} ,
• 1 ≤ αe , βe ∈ N ≤ dim je = 2je + 1,
• αe

and

Ea h allowed

Ψ ∈ K0
allowed

βe

are

ovariant and

ontravariant (respe tively) indi es in the spin-je irrep of

su(2).

L2 (SU (2)m ) = K0 . Thus, any quantum state
quantum state Ψ is a quantum superposition of the

oloring of the graph is an element of the orthonormal basis in

an be expanded in a sum over this basis. We say that any
olorings of the graph.

Ea h basis ve tor is given by an
β
fun tions [Wj ]α :

SU (2)m

Wiegner fun tion, whi h is just a produ t of the well-known

Ψje ,αe ,βe (u) =

Y

β

[Wje ]αe e (ue ) .

e

Quantum states from

K0

m

SU (2)
X
Ψ(u) =

are superpositions of

Wiegner fun tions:

{je ,αe ,βe }

Cje ,αe ,βe · Ψje ,αe ,βe (u).
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SU (2)

Wiegner

Spin networks
Now that we've gotten our hands on an orthonormal basis in
terms of the new basis, and then solve it. The Gauss

K0 ,

we are nally ready to express the Gauss

onstraint requires us to only

onstraint in

onsider gauge-invariant states. Thus,

we have to derive the transformation properties of the wavefun tions under gauge transformations.
Consider a gauge transformation a ting on the smooth- onne tion des ription.
a

The Ashtekar

onne tion transforms

ording to

A(x) → g(x)A(x)g −1 (x) + g(x)dg −1 (x).
But we are dealing with the holonomies of

A

evaluated on spe i

paths, whi h have a mu h more simple transformation

properties. In fa t,

hx [A] → g(s)hx [A]g −1 (t),
where

s = x(0)

and

t = x(1)

are the two endpoints of the path

x.

We say that the holonomy is a two-point gauge tensor.

Evidently, the gauge transformation of the des ription of our system in terms of holonomies is parametrized by group
elements

g(x)

given at the endpoints of all the paths, whi h are lo ated at the nodes of the graph.

des ription, we have a group element
points of

Σ

gv

asso iated to ea h node

v

In the dis retized

of the graph. The information about

g(x)

at another

is lost.

The holonomies

{ue }

transform under the gauge transformations a

ording to

ue → gs ue gt−1 ,
where

s(e)

and

t(e)

are the sour e and target nodes of the edge

Consequently, the wavefun tion transforms a

Consider an element of the
with an ordered triple

e.

These are given by the abstra t topology of the graph.

ording to


Ψ (. . . , ue , . . .) → Ψ . . . , gs ue gt−1 , . . . .

ountable orthonormal basis dened in the previous se tion. It is given by a

(je , αe , βe ).

oloring of links

Consider a gauge transformation, whi h is only nontrivial at a single node

v

of the

graph, and equals to the group identity at all other nodes.
From the point of view of node
A

v,

the wavefun tion

ontains a Wiegner fun tion for any outgoing and in oming link

ording to the Peter-Weyl theorem, the Wiegner fun tion's indi es

indi es in the spin-je irrep.

Thus we have a

αe

and

βe

transform as

ovariant index for any outgoing link and a

ontravariant and

e.

ovariant

ontravariant index for any

in oming link.
Now we would like to nd linear superpositions in
A well-dened

whi h don't

hange under gauge transformations.

ombinatori al problem is presented to us: given a set of

ompute a spa e of invariant tensors of rank
is then

K0

ontra ted with the

(a, b)

ontravariant index of the

wavefun tions. These invariant tensors are

a

with indi es in irreps of

in oming and

su(2)

onstraint of tetradi

The spin network basis

•
•

ea h link is

ovariant index

alled the group intertwiners.

General Relativity.

onsists of the

outgoing links and their spins,

orresponding link, and vi e versa, giving rise to gauge-invariant

We are now ready to des ribe the spin network basis in the gauge-invariant subspa e
solved the Gauss

b

given by the spins. Ea h

K ⊂ K0 .

Or, in another words, we've

olorings of the graph, where:

olored with an irredu ible representation of the gauge group (SU (2) in

ase of gravity in Ashtekar

variables),
ea h node is

olored with an element of any basis of the linear ve tor spa e of intertwiners of

given by the

olorings of in oming and outgoing edges.

SU (2)

with the spins

The wavefun tion of the spin network state is given by

Ψspin network (u) =
where the pattern of

(

Y

β
[Wje ]αe e

e

) (
·

Y
v

...
Iβα11βα22...

)

,

ontra tion is di tated by the abstra t topology of the graph.

The spa e of spin networks

an be evaulated for all values of spins by means of

tou h this briey.
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SU (2)

re oupling theory. Here I will only

First of all, the orientation of edges is not important.
indi es of intertwiners with the metri
in the

ase of

SU (2)

We

an always

hoose an arbitrary orientation by joggling the

tensor in the spin-j irrep. It is equivalent to swit hing to a

Let us

ompute the spa e of intertwiners for 3-valent nodes with all three links

Iβ1 β2 β3

with

β1 , β2

onjugate irrep, whi h

does not dier from the original.

β3

and

in irreps with spins

In the representation theory of

su(2)

j1 , j2

and

j3

hosen to be in oming. These are of form

respe tively.

there is an important identity:

j1 ⊗ j2 = |j1 − j2 | ⊕ |j1 − j2 | + 1 ⊕ . . . ⊕ (j1 + j2 ) .
All the irreps in the range of
intertwiner

Iβ1 β2 β3

when

j1 , j2

1.

|j1 − j2 | ≤ j3 ≤ (j1 + j2 ),

2.

j1 + j2 + j3 ∈ Z.

|j1 − j2 | .. (j1 + j2 ) enter this sum exa
j3 satisfy the following onstraints:

tly on e.

Thus there is a unique (normalized)

and

Thus, for the 3-valent nodes we

an omit the intertwiners provided that the spins of in ident links satisfy the the above

onditions.

S-knots and states of quantum gravity
The spin network basis
remaining two

onsists of quantum states whi h are by

onstraints are the dieomorphism

onstru tion solutions to the Gauss

onstraint.

The

onstraints and the Wheeler-deWitt equation. In this se tion we solve

the former.
First, we will have to develop a slightly dierent notion of the spin network. In the previous se tions, we have
olorings of a predened graph

Γ.

This

an get tri ky as the theory seems to depend on a parti ular

whi h seems unelegant and requires a predened information about the stru ture of

Γ

onsidered

hoi e of graph

Γ,

whi h is obviously unavailable for

the observer.
Instead, we will

Kn , where Kn
a

onsider not just a graph, but a very spe i

is a full graph with

n nodes and a

ountable innity of nodes ea h two being

Now
with

onsider the trivial irrep of

je = 0,

For

onne ted by a

SU (2)  the spin-0 irrep.

This is a limit of the sequen e of graphs

Γ = K∞

ontains

ountable innity of links.

We will assign a spe ial meaning for spin network links

olored

an be in a superposition of states, and the link

an be existent and non-existent just as the

at is dead and alive at the same time.

onvenien e we will

onspirate not to draw the non-existent links at all. Thus, we are left with the basis of all possible

nite graphs (they all are subgraphs of
we mean of ourse that
Now

Γ = K∞ .

whi h is  we will de lare them non-existent. The very notion of whether the link exists or not is thus

also quantum  the system
S hrodinger's

graph

ountable innity of links joining any two nodes. Thus,

Γ = K∞ ),

olored with faithful irreps and intertwiners. And by

je

being faithful

je 6= 0.

onsider an arbitrary 3d dieomorphism. We are only interested in the dieomorphisms lying in the

the group identity

omponent of the dieomorphism group. These are homotopies of

How does the gauge

onne tion

A

onne tion and the path

onne ted to

Σ.

transform? Being an 1-form, it satises the tensorial transformation law:

Aµ (x) → Aµ (y) =
How does the holonomy

oordinatizations of

∂xν
· Aν (x).
∂y µ

hx [A] hange under a dieomorphism? It doesn't! The dieomorphism hanges both the gauge
x so the holonomy operators remains inta t. The arguments ue of the wavefun tion Ψ(u) don't

hange under dieomorphisms. By

onstru tion, the spin network basis is dieomorphism-invariant.

However, there's two subtleties.
1. Dieomorphisms

an ex hange the nodes of the graph.

We will thus have to identify the

olorings of the graph

related by a relabeling of the nodes.
2. Dieomorphisms

an not make a link transit through another link. We are thus for ed to treat graphs with the same

abstra t topology as dierent if the topology of their embeddings in
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Σ

annot be

onne ted with a homotopy.

We are lead to the new

all an s-knot or a spin knot a homotopy

on ept: we

lass of embeddings of a spin network in

Σ,

with the ones related by a node reordering identied as the same s-knot.
In LQG, s-knots form a basis in the kinemati al spa e of states of quantum gravity
Consider, for example, a spe ial
have been

ase of s-knots: ordinary knots aka homotopy

Ks .

lasses of the embedding

S 1 → R3 .

These

lassied and labeled by knot invariants, the best known knots being the unknot and the two trefoil knots (the

mirror images of one another):

Σ are alled loops, and the orresponding spin network state an be easily omputed.
e and a single node v whi h serves as both the sour e and the target of e. There is
α
α
intertwiner Iβ = δβ and the spin network wavefun tion be omes

The embeddings of knots in

Consider

a loop with spin-j link

a unique

(normalized)

β

Ψ(u) = δβα [Wj ]α (u) = trU,
where

U

is the spin-j image of the group element

u.

This is the famous Wilson loop fun tional, or the holonomy tra e

fun tional.
Overall, the loop state is parametrized by knot invariants and the spin

j

of the loop. We

ould also have multiloop states

with several (possibly tangled) loops.
Loop and multiloop states are a parti ularly interesting subset of s-knot states. This is be ause they are also solutions
of the Wheeler-deWitt equations, thus being the true physi al states of quantum gravity. However, these are unphysi al
sin e the volume operator vanishes on noninterse ting loops and thus the loop states des ribe a Universe with no spa e.
Quantum states of the Big Bang singularity anybody?

Quantum geometry
My longstanding dream was to play with a toy model (at least) whi h would provide a quantum notion of the geometry
of spa etime just as General Relativity provides a
In this se tion we

onstraints, so the spin network basis works perfe tly. However, there are no s-knots in 2

dimensions, just as there are no knots.

Instead, the spin networks themselves span the kinemati al spa e of quantum

gravity in 3d provided that we identify the

x

in

Σ.

In

olorings related by graph isomorphisms.

lassi al theory, we

ould dene the length of the path by the reparametrization-invariant

integral

Lx =

ˆ1
0

What

ome true.

onsider a 3d General Relativity (2d spa e + time) in frame- onne tion variables. It has the same kind

of Gauss and dieomorphism

Consider a path

lassi al notion of geometry. With LQG I nally have this

ˆ1 q
q
a
b
dt qab (x(t)) ẋ (t) ẋ (t) = dt eia (x)eib (x) ẋa (t) ẋb (t).
0

omes next is an in redibly beautiful insight in how the geometry manifests itself on the quantum level.
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eia (x) be
L and e:

Sin e the frame
hats over

ˆ1

L̂x =

dt

0
Note that the length of the path
spe ied. So

x

an (formally, for now) dene the length operator by simply putting

omes a quantum operator, we

x

q
êia (x)êib (x) ẋa (t) ẋb (t).

is not predened!

In fa t, it is

ompletely unknown unless an eigenstate of

ould be any path, from the tiniest path of order of the Plan k's length to the giant

L̂x

is

osmologi al path

onne ting galaxy super lusters. The length operator is the same for all paths. What truly makes them dierent is the
spe i
A

state of quantum gravity in whi h the Universe is found by the observer!

ording to

anoni al quantization of 3d General Relativity,

êia

a ts as a derivative on wavefun tionals in the

onne tion

representation:

êia Ψ[ω] = −i · 8π~G ·
This

an be used to

ompute the a tion of

of links, whi h themselves depend on

ω.

δΨ[ω]
.
δωia (x)

ê on the spin network state.

We are thus

The spin network state depends on the holonomies

al ulating

δue [ω]
δΨ(u(ω))
= Jˆe Ψ(u) · a
.
δωia (x)
δωi (x)
The variation in the r.h.s. was

omputed in my previous note. It gives

δue [ω]
=i
δωia (x)

0

and

x2

are the two pie es of the path

The operator

L̂x

is still ill-dened, though.

where

x1

ˆ1

Lets rst

onsider the simplest possible

x(t)

x

ase:

dt δ (2) (x; x(t)) ẋa (t) · hx2 [ω]σa hx1 [ω],

that all variations of the holonomy are equal to

separated by point

x.

does not interse t any spin network links. In this ase it is easy to see
(2)
be ause of the vanishing of delta fun tions δ
(x; x(t)). Thus, in this

0

ase the physi al length of the path is zero!
The next

ase is the one with a single interse tion of a single spin network link with spin

irrep when a ting on a spin network with

su(2)

whi h is exa tly the Casimir of
Now we want to know what

L̂x Ψ

e,

j.

This will give

σa

in the spin-j

and thus

p
p
L̂x Ψ = 8π~G trj σa σa Ψ = 8π~G j(j + 1)Ψ,
in the spin-j irrep.

is equal to when

x

has multiple interse tions with the spin network. The math is pretty

omplex and the resulting expression does not have any simple interpretation.
However, we have to remember that we are dealing with quantum theory, and there are ordering ambiguities.
we should dene the operator

L̂x

rst. We take the following denition: in order to

ompute

L̂x ,

split

x

Thus

into tiny (in

the mathemati al sense, remember that we don't have an apriori notion of physi al length?) pie es su h that ea h pie e
interse ts the spin network at most on e. Then add the tiny portions together (this is a tually a pretty intuitive denition,
sin e in

lassi al theory length is additive and I see no reason why this shouldn't hold in quantum theory).

x in quantum theory is represented by an operator dened on spin network
x, ea h link being taken on e for ea h of its interse tions:
Xp
L̂x |Ψi = 8π~G ·
je (je + 1) |Ψi .

The result is the following: the length of a path
states as a sum over the spin network links

e

whi h interse t

e

What does this formula tell us?
1. Spin network states have a ni e geometri al interpretations: they are eigenstates of quantum geometry (the length
operator)!
2. There exists a minimal possible length asso iated with a single interse tion with a spin-1/2 link. It is equal to

√
Lmin = 4 3π · ~G ≈ 21.7 × LPlan k,
as in 2d the Plan k length is given by

LPlan

k, 2d

= ~G.
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Length is fundamentally quantized!

3. Note that length quantization does not go against Lorentz invarian e. It is the eigenvalues that are quantized, there
is still room for the

ontinuous

ontra tions as operators on

K.

4. In 4d we would interpret the interse tions of spin networks with test surfa es as quanta of area, therefore it is area
and not length that is quantized. This has far rea hing

onsequen es, in luding the explanation of the bla k hole

enthropy by LQG.

Finally,

onsider a trivalent node of the spin network. It is asso iated with a

hunk of spa e  a quantum triangle, with

the length of its sides given by the formula above. These lengths depend on the three spins of the links in ident to the
node.
Now

onsider a

lassi al regime: both three spins are extremely large. We have an approximate relation

L̂x |Ψi ∼ je |Ψi ,
sin e the

+1

in the square root does not matter mu h. So the lengths of the sides of the triangle are approximately equal

to the spins of links of the spin network.
And here is some magi . Remember the

onstraints on the spins of the 3-valent node? There has to be an intertwiner for

this to be a valid spin network state, and it only happens when

1.

|j1 − j2 | ≤ j3 ≤ (j1 + j2 ),

2.

j1 + j2 + j3 ∈ Z.

In the light of

l∼j

(length is approximately proportional to spin) we

an derive the

lassi al limit of the rst requirement:

|l1 − l2 | ≤ l3 ≤ (l1 + l2 ) .
This is exa tly the triangle inequality! This leads us to believe that the two requirements on spins of the 3-valent vertex
is the quantum- orre ted version of the basi

ingredient of the

lassi al geometry manifests itself elegantly  as a

lassi al geometry  the triangle inequality. This is how

lassi al limit of the quantized geometry of

hunks of spa e separated

by quantized lengths.

Transition amplitudes
Now as we have a denition of

Ks

(we're ba k to 4d) and an interpretation of quantized geometry at our disposal, we

would like to solve the last remaining

onstraint: the Wheeler-deWitt equation.

Unlike the previous two, this is not an easy task. The Hamiltonian
on the spa e

Ks ,

but hasn't been solved in the most general

The quantum spa e

Ks

in itself is of major importan e: it is a spa e of kinemati al data, or a spa e on whi h the geometri

partial observables a t as self-adjoint operators.
and we

onstraint has been rigorously dened as an operator

ase.

an forget about the last remaining

Ks

is perfe tly su ient for des ribing the states of partial observation

onstraint as long as we aren't evaluating the transition amplitudes.

How do we dene these transition amplitudes anyway? Its not like we have an external notion of time, sin e the time
in itself is an emergent

on ept: it is of quantum nature and its pla e is inside the state in

Ks .

We adopt the relational

interpretation of Quantum Me hani s as a plausible resolution of the problem of time. Time and spa e are both en oded
in the boundary state

Ψ ∈ Ks .

We are only interested in the inner produ t

(Ω|Ψ) ,
where

Ω

is the

ovariant va uum, or the empty spin network state.

Note the round bra kets instead of the usual angular bras and kets. This is be ause we make a distin tion between the
kinemati al and physi al states:

•

Kinemati al states are put in angular bra kets:

|Ψi.

They are elements of

Ks , they des

ribe the quantum information

about partial observables. These states don't exist in the physi al world, some of them are self- ontradi tory. They
are used for des ribing the observer-related information, and the probabilities of observing them are given by the
physi al inner produ t of the

orresponding physi al states.
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•

Physi al states are put in round bra kets:

|Ψi and |Φi
element of P̂ :
states

|Ψ) = P̂ |Ψi,

where

P̂

is the proje tion operator. For any two kinemati al

the only physi al predi tion of the theory is the

It is thus in the matrix elements of

orrelation between the two, given by the matrix

D
E D
E
(Φ|Ψ) = Φ|P̂ † P̂ |Ψ = Φ|P̂ |Ψ .

P̂

where the physi s is en oded. This

orrelation is related to the

on ept of

probability of observing both at the same time, given that one is plausible through the usual relation
Prob (Ψ, Φ)

The only remaining problem is to dene

P̂ .

Intuitively,

= |(Φ|Ψ)|2 =
P̂

onstraint. It is formally given by

P̂ =

D

Φ|P̂ |Ψ

E

2

.

is the proje tion operator on the subspa e of the Hamiltonian

ˆ∞

dt eitĤ ,

−∞
where

Ĥ

is the properly ordered Hamiltonian

onstraint operator. This gives rise to the spinfoam formalism: the physi al

inner produ t of two kinemati al states (or of a single boundary state if you wish) is given by a sum over the amplitudes
of spinfoams  two- omplexes with spin networks as boundaries.
Just like superpositions of spin networks dene the quantum geometry of spatial sli es, the superposition of spinfoams
denes the geometry of quantum spa etime.
In Eu lidean 3d theory, for example, these are the Ponzano-Regge spinfoams whi h I have des ribed earlier.
physi al 4d theory there is a version of the spinfoam formalism based on the simpli ity
onstru tion

alled the

Υγ

map whi h I hope to

over later.
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In the

onstraint and the group-theoreti al

