FAQ on Canoni al Loop Quantum Gravity
Generi questions
What is LQG?
Loop Quantum Gravity (LQG) is a proposed physi al theory whi h des ribes quantum spa etime and the properties of
gravitational intera tion in the deep quantum regime. Its main features are:

•
•
•
•

LQG is quantum: it admits pre ise (in the mathemati al sense) formulation with a well-dened separable Hilbert
spa e and self-adjoint operators
LQG is a theory of gravity: a

orresponding to

lassi al observables a ting on the Hilbert spa e.

ording to numeri al

omputations, it reprodu es General Relativity in the

lassi al

limit.
LQG is ba kground independent: the formulation of the theory doesn't make any referen es to any pre-existing
ba kground spa etime stru ture.
LQG is nonperturbative: it doesn't make use of assymptoti
oupling

onstanit

expansions in powers of the Newton's gravitational

G.

What does it say about the world?
Among the unique predi tions of Loop Quantum Gravity are the following:

•

Spa etime is fundamentally dis rete. For example, every physi al measurement of the area of any surfa e (e.g.
se tions of intera tions) gives a dis rete value. The minimal possible value that the area of any surfa e
∆ and is of order ∆ ≈ lP2 where lP is Plan k's length.
is alled the

area gap

•
•

Singularities are artifa ts of

ross

ould take

lassi al General Relativity and don't exist in the quantum theory. This is true of both

bla k hole singularities and of the

osmologi al Big Bang singularity.

Bla k hole entropy is proportional to its area, in agreement to the Bekenstein-Hawking formula. LQG provides an
explanation for the holographi

prin iple in terms of spin network links interse ting the holographi

s reen.

What is ba kground independen e?
In the LQG
group.

It is

ir les it is widely believed that General Relativity is not just another eld theory with a pe uliar symmetry
on eptually novel, that is, based on the

new fundamental prin iple

of ba kground independen e.

Doing

physi s in the ba kground independent setting is quite dierent from what we've been doing so far.
In simple words, ba kground dependent theories like Maxwell's ele trodynami s des ribe a form of substan e (the ele tromagneti

eld) living on the Minkowski spa etime of Spe ial Relativity. These

of bla k holes or

osmology, but in any

an be generalized to

ase the ba kground stru ture is xed. On the

urved spa etimes

ontrary, ba kground independent

theories like Einstein's General Relativity des ribe a substan e (the gravitational eld) whi h

makes up

spa etime. They

don't make any referen es to any pre-existing stru ture, instead the possible spa etimes are given by solutions of the
equations of motion.
Einstein's big dis overy lies in the fa t that spa etime and gravity is the same thing. It is often said in General Relativity
that there is no gravity, but it is the

urvature of spa etime that we observe as gravity; but it is also

there is no spa etime, but it is the properties of gravity that we observe as spa e and time.

orre t to say that

LQG takes this lesson of

General Relativity seriously. The quantization of gravity in LQG is manifestly ba kground independent.

What's wrong with perturbation theory?
Approximate methods are great tools to derive predi tions.
makes it is virtually impossible to do exa t
when it

In almost all relevant

al ulations. But there are

omes to gravity.

1

ases the

omplexity of the system

omplelling arguments against perturbation theory

Perturbative approa h to quantum gravity starts by expanding the metri

around the at Minkowski va uum like so:

gµν (x) = ηµν + hµν (x).
Here

hµν (x) an be treated as a basi eld
ηµν . Let's put aside the aesteti

of the Quantum Field Theory of gravity living on the Minkowski ba kground

dened by

aside for a moment and

al argument against this split (it breaks manifest ba kground independen e)

onsider the te hni al impli ations of using perturbation theory.

The rst problem with this approa h lies in the fa t that the

hµν (x)

ausal stru ture of the Quantum Field Theory of the eld

is given by the Minkowski ba kground spa etime. For example, like in any QFT, the

ommutator of elds taken

at spa elike separated points, has to be equal to zero (be ause otherwise it would be possible to transfer information
through eld

orrelations with superluminal speed). But the ba kground metri

ausal stru ture! The
by the eld

hµν (x),

ηµν

has no physi al signi an e to the

ausal stru ture of General Relativity is determined by the full metri

whi h is quantum. Thus we have an apparent

on eptual

gµν (x),

i.e. it is inuen ed

ontradi tion between General Relativity

and Quantum Field Theory already.
If we de ide to ignore the rst problem and
it is

nonrenormalizable.

arry on, we arrive at the se ond problem with perturbative Quantum Gravity:

This

an be seen with a naked eye from simple dimensional analysis: the gravitational oupling
2
onstant (the Newton's onstant G = lP /8π ) has negative dimensions of −2 in natural units, rendering the intera tion
in the infrared (a ording to Wilson's lassi ation) and un ontrollably divergent in the ultraviolet. This, of

irrelevant

ourse, is a

omplete disaster for the perturbative quantization programme.

That nonrenormalizable theories

an't be

una

QFT, but there are famous examples of nonrenormalizable models being

eptable for any

perturbative

onsistently quantized is a

ommon mis on eption.

Nonrenormalizability is
onsistently

quantized nonperturbatively. Probably the most famous (and relevant to us) example is General Relativity in 3 spa etime
dimensions. The gravitational

oupling in 3d has negative dimensions of

is nonrenormalizable. However, 3d General Relativity has been
In LQG

−1 in

natural units, and the perturbation theory

onsistently quantized nonperturbatively by Witten.

ir les it is believed that nonrenormalizability is not the fault of General Relativity Lagrangian (like the

Fermi's theory of weak intera tions), but of the perturbative approa h, whi h is inadequate when it
Gravity. That it is possible is proven a-posteriori, of

ourse, by the existen e of Loop Quantum Gravity. But even now it

an be seen as follows: the un ontrollable growth of the gravitational
of the original assumption that the metri

ase with

omes to Quantum

oupling in the ultraviolet regime leads to the failure

an be approximated by a perturbation around the at Minkowski spa etime. At

extremely short distan es gravity dominated by violent quantum u tuations of the stru ture of spa etime (aka Wheeler's
spa etime foam), not by a smooth Minkowski solution. This is exa tly the regime in whi h the high-frequen y modes
whi h give rise to ultraviolet divergen es live. It is reasonable to assume that yet unknown short-s ale nonperturbative
ee ts of Quantum Gravity

an ee tively

ut o the high-frequen y modes and thus eliminate the divergen es.

is exa tly what happens in LQG, the mentioned ee ts having to do with fundamental
be omes important

dis retness

This

of spa etime whi h

lose to the Plan k s ale.

Is it Lorentz-invariant?
This question has been asked over and over for several de ades. The sour e of the

onfusion lies in the existen e of two

inequivalent notions of Lorentz-invarian e. As we will see, LQG is not dierent from General Relativity (GR) in both
ases.
1.

Lo al Lorentz invarian e is satised when the theory is invariant under SO(3, 1) gauge transformations.
GR is invariant under lo al
this

2.

ase the

SO(3, 1)

SO(3, 1)

For example,
eIµ (x). In

when formulated in terms of the frame eld (aka tetrad or vierbein)

gauge transformations a t on the internal ( apital latin) indi es.

Global Lorentz invarian e is satised by the

lassi al theory when there is a representation of

lutions of equations of motion to another solutions. For example, Maxwell's

SO(3, 1) whi

h takes so-

lassi al theory of ele tromagnetism and

Dira 's theory of bispinor eld are both globally Lorentz-invariant. Bosoni /supersymmetri

strings in Minkowski

target spa e are globally Lorentz invariant.
As it turns out,

lassi al General Relativity is not globally Lorentz-invariant. Those who disagree are wel ome to

des ribe the a tion of the Lorentz/Poin are groups on the
the

omments. It is possible to sele t

a subset

osmologi al FLRW solution of Einstein's equations in

of solutions with at boundary on whi h the Lorentz transformations

a t globally. I am not sure, however, that these are relevant physi ally, sin e the
to this

Loop Quantum Gravity, just like
invariant.

osmologi al solutions don't belong

ategory.
lassi al General Relativity, is lo ally Lorentz-invariant, but not globally Lorentz-

Global Lorentz invarian e is just a property of the parti ular solution of Einstein's equations (Minkowski

va uum of Spe ial Relativity).
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But doesn't the existen e of the area gap go against Lorentz invarian e?
No, it doesn't.

This is probably the most

ommon mis on eption about LQG espe ially popular among superstring

theorists.
The argument is usually formulated as follows: suppose we have an area gap (the minimal quantum of geometri

area).

If we pass to the moving referen e frame, this area has to Lorentz- ontra t, and be ause by original assumption we don't
have anything smaller than this area, we have a

ontradi tion.

This argument is absolutely wrong. It fails be ause LQG is a quantum theory of spa etime, and the geometri

properties

of spa etime (like area or length) in it are also quantum. Dis reteness of the spe trum of a quantum observable is known
to

oexist with

ontinuous symmetries inuen ing the observable.

In simple words,
gap).

For

onsider a quantum state of spa etime geometry in whi h a surfa e has the minimal area

onvenien e, we denote this state as

|∆i .

What happens if we

∆

ontinuously Lorentz- ontra t it?

(the area
The state

hanges, be oming a superposition of states with dierent areas of the surfa e:

|Ψi = α |∆i + β |0i .
The mean area

ontinuously de reases and be omes less than

∆:
2

A(Ψ) = |α| ∆ < ∆.
There's no

ontradi tion with the original assumption here, be ause it is the

eigenvalues

of area whi h are dis rete.

What happens if we de ide to measure the area of the surfa e? Quantum Me hani s gives an exhausted answer to this
2
2
|α| we will get the area gap ∆ ba k, and with probability |β| we will get zero (the surfa e

question: with probability

disappears upon measurement).

Is it unitary?
Unitarity is required for the
required for its

onsisten y of any Quantum Field Theory (QFT). LQG is not a QFT, and unitarity is not

onsisten y.

In QFT, time translations are symmetries of the theory (be ause they belong to the Poin are group). Any

ontinuous

symmetry has to be realized by a unitary operator on the Hilbert spa e of the quantum theory, be ause otherwise we
ould perform an experiment yielding statisti al results, based on whi h we
transformed systems, whi h we
In LQG, time translations

aren't

ould distinguish between the initial and

an't by the very denition of symmetry transformations.
symmetries of the theory. In fa t, they

external time in whi h the system evolves. This is a dire t

an't even be dened, be ause in LQG there is no

onsequen e of ba kground independen e. Time is a property

of the gravitational eld, and among all the other properties it has to be quantized, leaving no room for translations in
external time.
Therefore, LQG doesn't even have operators

orresponding to translations in external time, be ause it des ribes time on

the equal footing with all the other properties of the gravitational eld: its properties are en oded in the quantum state.
Needless to say, it is meaningless to ask whether these are unitary or not.
More details on the nature of time in ba kground independent quantum gravity and LQG in parti ular

an be found later

in this FAQ, under the se tion Problem of time.

Does it unify intera tions?
No.
LQG is a theory of Quantum Gravity. It

an be

oupled to dierent matter

ontent, but it doesn't provide a ma hanism

of uni ation. It was not intended as the nal word in physi s, but as another step. Its main a hievement is the manifestly
ba kground independent quantum framework, whi h

ould in prin iple be used as a building blo k of the up oming theory

of everything :)

Is it elegant?
Elegan e is a subje tive

on ept, but many

onsider LQG extremely elegant.
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Canoni al General Relativity
Is LQG a quantization of some bare a tion?
It's

alled the Holst a tion for 4d General Relativity:

SHolst [e, ω] =

1
16πG

ˆ
M

1
16πG

=

ˆ



1
F IJ (ω) =
eI ∧ eJ ∧ ∗ +
γ

KL
d4 x |e| eµI eνJ P IJ
KL Fµν (ω).

M
I
I
µ
denotes the internal Hodge dual (and is metri -independent), e = eµ (x)dx is the frame form (aka tetrad or
IJ
IJ
µ
I
= ωµ (x)dx is the Lorentz onne tion. Note that e transforms trivially under SO(3, 1) gauge (lo al
vierbein) and ω
Here

∗

Lorentz) transformations:

eI → g IJ eJ ,
while the transformation law of the Lorentz

onne tion is nonlinear:

ω → gωg −1 + gdg −1 .
Both elds transform as tensors under dieomorphisms.
The

urvature of the Lorentz

onne tion is denoted as

IJ
(x) dxµ ∧ dxν :
2F IJ = Fµν

F IJ (ω) = dω IJ + ωIK ∧ ω KJ .
The

γ -deformed

self-dual proje tor in the Holst a tion is dened as

[I J]

P IJ
KL = δK δL −
The

Immirzi

parameter

γ

1 IJ
ǫ
.
2γ KL

is a dimensionless parameter whi h will play a major role in Loop Quantum Gravity. It doesn't

inuen e the equations of motion, be ause the se ond term in the Holst a tion is

topologi al

(it is a full derivative and

doesn't inuen e the equations of motion). Classi aly, the Holst a tion is equivalent to the Palatini a tion (obtained at

γ → ∞):
SPalatini [e, ω] =

1
64πG

ˆ

eI ∧ eJ ∧ ∗F

M

1
=
64πG

ˆ



IJ

(ω) =

ǫIJKL eI ∧ eJ ∧ F KL (ω).

M
The equations of motion for both Palatini and Holst a tions are thus:

1. The frame- onne tion

ompatibility

ondition:

DeI = deI + ωIJ ∧ eJ = 0.
2. Einstein's equations in frame- onne tion formalism (for the imitation Ri

1
Rµν − Rgµν = 0,
2
IJ σ K
Rµν = Rcacb = Fµσ
eI eν ηJK .

4

i tensor):

What about Bian hi identities?
The imitation Bian hi identities take the form

DF IJ = dF IJ + ω I K ∧ F KJ = 0.
These follow from the properties of the

ovariant dierential. First, we prove that

D 2 a = F ∧ a:

D2 a = D (da + ω ∧ a) = d2 a + d (ω ∧ a) + ω ∧ da + ω ∧ ω ∧ a =
= dω ∧ a − ω ∧ da + ω ∧ da + ω ∧ ω ∧ a = (dω + ω ∧ ω) ∧ a = F ∧ a.
Now

onsider the trivial identity:


D3 a = D D2 a = D2 (Da)
D (F ∧ a) = F ∧ Da

DF ∧ a + F ∧ Da = F ∧ Da
DF ∧ a = 0 (∀a)
DF = 0.
Here we used the following property of dierentials (valid for both

d

D):

and

d(a ∧ b) = da ∧ b + (−1)dega a ∧ db.
So, for example,

d (ω ∧ a) = dω ∧ a − ω ∧ da,
but

d (F ∧ a) = dF ∧ a + F ∧ da.
Why do we need spa etime foliation?

Spa etime foliation

is the split of spa etime into hypersurfa es of equal

It is important to note that

oordinate time

t

oordinate time

t=

onst.

is unobservable parameter, whi h has nothing to do with the physi al

time. Contrary to some people feel, the split of spa etime into spa e and time doesn't go against manifest ba kground
independen e.
In the modern spinfoam formulations the spatial hypersurfa es don't even have to be spa elike,
of the

boundary

orresponding to a

hoi e

of the given spa etime region. The foliation thus ree ts the nature of quantum me hani s: quantum

states are asso iated to boundaries.

a, b, · · · ∈ {1, 2, 3},
i, j, · · · ∈ {1, 2, 3}.

We use lower latin indi es from the beginning of alphabet as manifold indi es on the boundary:
we use lower latin indi es from the middle of the alphabet as internal

SO(3)

indi es:

and

What is The problem of time?
General Relativity is an example of the

fully onstrained system.

It means that its evolution is

onstraints, while the Hamilton's fun tion is trivially zero. Please see my derivation of

ontained solely in

onstraints in General Relativity.

This is highly unusual be ause at the rst sight it appears that the evolution is frozen implying the absense of
whi h is

ba kground independent physi s. Time is still there, but it is more
The ADM Hamiltonian of General Relativity (in metri

H=

ˆ

ompli ated than a single axis.

formulation) is a

ombination of four

d3 x (N (x)C + Na (x)C a ) ,

Σ
where

N

hange,

ontrary to our everyday-life experien e. But a tually, the problem of time is just another pe uliar feature of

and

Na

are Lagrange multipliers

alled

lapse fun tion

and

C a = −2Db π ab
5

shift ve tor

respe tively,

onstraints:

are the 3d dieomorphism

qab

onstraints (the 3-metri

on the boundary and its

anoni al momentum

π ab

form the ADM

phase spa e) and

1
C=√
q
is the Hamiltonian




1
ab cd
qac qbd − qab qcd π π − det q · R(q)
2

onstraint, whi h generates refoliations on shell.

So we start by a Cau hy data of

{qab (~x), π ab (~x)}
satisfying the 4

onstraints:

C = C a = 0.
How do we evolve it in time? What would be the 3d metri

and its

anoni al momentum after 1 se ond passes?

This would be a valid question in any ba kground dependent theory. But it is

learly silly in the ba kground independent

setting, where physi al time itself depends on the gravitational eld.
But we

an

N (~x) = 1

hoose a parti ular gauge by setting

and

N a (~x) = 0.

Be ause we have (by ADM de omposition)

g00 = q ab Na Nb − N 2 ,
this

hoi e of the lapse and shift

orresponds to

hoosing

oordinate time

t

to be equal to the physi al time whi h has

passed in the stationary frame of the foliated sli e. We have thus a well-dened hamiltonian

H=

ˆ
Σ

1
d3 x √
q




1
qac qbd − qab qcd π ab π cd − det q · R(q) ,
2

whi h vanishes on shell. But this doesn't mean that its Poisson bra kets with
re over the

and

π ab

vanish! Thus we su

essfully

lassi al evolution from Hamilton's equations

(
Note that we

qab

q̇ab = {qab , H} ,

π̇ ab = π ab , H .

ould've hosen another lapse and shift. The freedom of hoi e of

oordinate system to des ribe the model. This is be ause the

N

and

N a ree

ts the freedom to hoose any

onstraints whi h are enfor ed by the Lagrange multipliers

generate dieomorphisms and refoliations.

What are Ashtekar new variables?
After spa etime foliation, we partially x the boost part of

Γia =
whi h

ompletely determine the Lorentz

SO(3, 1).

1 ikl kl
ε ωa ,
2

onne tion (be ause

ωIJ

The relevant obje ts are

Kai = ωa0i ,
is antisymmetri

zero).
Sometimes it is

in

I ↔ J , the ωa00

omponent is trivially

onvenient to deal with

ijk k
Γij
Γa ,
a =ε

Kaij = εijk Kak .

i
i
An important moment is the transformation properties of Γa and Ka under the rotation SO(3) part of
ij
ij
from the stru ture of SO(3, 1) that Γa transfoms as a onne tion under rotations r (x):

SO(3, 1).

It follows

Γa → rΓa r−1 + r∂a r−1 ,
whereas

Kaij

transforms as a ve tor:

It is easy to see that if we add a ve tor to the

Ka → rKa r−1 .
SO(3)

onne tion, we get another

onne tion:

Aia = Γia + γKai .
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SO(3)

onne tion. Consider the following

This

onne tion arises as

anoni al

onjugate to the densitized triad

Ẽia =
in the Holst a tion:

p
det qab · Eia = |E| Eia

n
o
Ẽia (x), Ajb (y) = γlP2 δij δba · δ (3) (x, y);
n
o
Ẽ, Ẽ = {A, A} = 0.

where

lP2 = 8πG
is the Plan k's area in natural units.

What is the signi an e of the Immirzi parameter?
As we already saw earlier,
set

γ → ∞,

lassi al model des ribed by the Holst a tion is independent of

γ.

The most logi al

hoi e is to

whi h gives the Palatini a tion for General Relativity in frame- onne tion variables. It also makes the se ont

term dominant in the Ashtekar-Barbero

onne tion:

Aia = Γia + γKai ∼ γKai .
The true

onjugate of the inverse triad in the

So why didn't we set

γ→∞

γ→∞

limit is thus

Kai .

from the start if this were to simplify our

matters for the quantum theory. Upon quantization, dierent

hoi es of

γ

omputations? Be ause the Immirzi parameter
lead to inequivalent theories, while the

limit

does not exist.

The

ru ial property of the Ashtekar-Barbero onne tion whi h allows us to quantize the theory is that

SO(3) onne tion under gauge rotations.

γ→∞

it transforms as an

This property will allow us to pass to the holonomy-ux algebra and quantize.
i
SO(3)
.
It is impossible to use the LQG ma hinery on Ka be ause it is

not an

We will return to this later when we dis uss the

onne tion

holonomy-ux algebra.

Loop quantization
What is holonomy?
Classi al gauge geometry is given by the

A taking values in some Lie algebra g of
α : [0, 1] → Σ in the manifold Σ is the holonomy
ˆ
hA (α) = P exp A ∈ G.

onne tion eld

Lie group

G.

An

important geometri al obje t asso iated to any path

α
We

all a

generalized onne tion

also a generalized

a homomorphism from the group of open paths to

onne tion as it asso iates the holonomy

hA (α)

for ea h path

α.

G.

Thus, a gauge

onne tion

A

is

That it is a homomorphism is easy to

he k:

hA (α)hA (β) = hA (α ◦ β)
by the properties of path-ordered exponentials.

What is ux?
Flux is a geometri

S

obje t naturally asso iated to the densitized triad

Ẽia .

is given by

Φi =

ˆ

d2 y Ẽia na ,

S
where

na =

∂xa ∂xb
1
ǫabc ǫαβ α β
2
∂y ∂y
7

For any surfa e

S⊂Σ

the ux of

Ẽia

through

is the normal to

S

in

Σ.

Be ause the densitized triad is dual to a 2-form

2Πi = Πiab (x) dxa ∧ dxb

by

Πiab = ǫabc Ẽia ,
the integral for

Φi

an be written as an integral of the form over the surfa e

ˆ

Φi =

S

and is

onsequently

oordinate-independent:

Πi .

S

How is ux related to area?
In ba kground independent theories there is no a-priori notion of geometry. The surfa e

S⊂Σ

doesn't have any size

asso iated to it, in parti ular, its area is not dened. Instead, the area of the surfa e is an observable of the gravitational
eld.
In the previous se tion we've

hosen a

{Aia , Ẽjb }

anoni al pair

span the phase spa e of General Relativity, be ause it is
an the area

A(S)

of the surfa e

S

be derived from the

(Ashtekar-Barbero

onne tion and densitized triad) to

onvenient for loop quantization. The question be omes: how

anoni al pair?

The answer to this question is:

A(S) =

ˆ

q
δ ij · Ẽia na · Ẽjb nb .

d2 y

S
It is easy to demonstrate:
normal to

S.

The metri

in

onsider a lo al

Σ

qab

The inverse metri

oordinate pat h in whi h the rst two

oordinates lie in

S

and the third is

takes the blo k-diagonal form



h11
=  h21
0



0
hαβ

0
=
0
q33

h12
h22
0

is

q

ab

=

hab
0



0
q 33





0
q33

.

.

Consequently,

det q −1 = det h−1 · q 33 ,
or

The

oordinate-independent expression for

q 33

det h = det q · q 33 .
is given by

q ab na nb
sin e it is equal to

q 33

in our

oordinate system in whi h

A(S) =

ˆ

given by

S

na = {0, 0, 1}

and is

oordinate-independent. Thus, the area is

ˆ
ˆ
q
p
√
d2 y det h = d2 y det q · q ab na nb = d2 y δ ij · Ẽia na · Ẽjb nb ,
S

S

where we've used that for densitized triads

δ ij Ẽia Ẽjb = det q · δ ij Eia Ejb = det q · q ab .
Another relation of extreme importan e

S

into innitesimal

an be established between the area

hunks to give

A(S) =
where

x

labels the

hunk

∆Sx

and

Φi (∆Sx )

A(S) and the ux Φi (S).

Xq
δ ij · Φi (∆Sx ) · Φj (∆Sx ),
x

is the ux of

Ẽia
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through the

hunk.

We split the surfa e

What is and why do we need the holonomy-ux algebra?
Canoni al quantization is based on implementing phase spa e
anoni al

ommutation relations. But

oordinates as quantum-me hani al operators satisfying the

anoni al quantization doesn't do well when it

the Quantum Field Theories are also ill-dened when

omes to gravity. A tually, most of

anoni ally quantized (see Haar's theorem for example).

Loop Quantum Gravity is based on a dierent quantization (so- alled loop quantization), whi h makes use of another
algebra: the
Barbero

holonomy-ux algebra.

It

an be derived formally by

onsidering the poisson bra ket between the Ashtekar-

onne tion and the densitized triad. One needs the formula for the variation of the holonomy.

The resulting expression is

{Φi (S), h(α)} = γlP2
where the sum is over

α

oriented

separated by the interse tion

interse tions

x

of

α

S , α1

and

X

h(α1 )τi h(α2 ),

x

and

α2

being the holonomies of the two parts of the

urve

x.

What Hilbert spa e representation is used in LQG?
So far we have a

onjugate pair of variables:

1. Ashtekar-Barbero
2. Densitized triad

onne tion

Ẽia

Aia (x)

and its integral

and its integral

ounterpart: holonomies of paths

ounterpart: uxes of surfa es

In the spirit of Quantum Me hani s we have to

h(γ);

Φi (S).

hoose whi h one a ts as multipli ation when promoted to a self-adjoint

operator on the Hilbert spa e, and whi h one a ts as derivation. LQG is pretty spe i
Quantum states of gravity are fun tions of the Ashtekar-Barbero

about this:

onne tion, whi h a ts as multipli ation. The

onjugate

densitized triad a ts as derivation.
Formally we

an represent states by fun tionals

|Ψi = Ψ[A].
The a tion of the Ashtekar-Barbero

onne tion on the state is multipli ative:

Âia (x) |Ψi = Aia (x) Ψ[A].
The a tion of the densitized triad is through derivation:

ˆ a (x) |Ψi = −i~ δΨ[A] .
Ẽ
i
δAia (x)
This

onstru tion is, of

ourse, rather formal. For example, we don't have a well-dened inner produ t. Formally we

write

hΦ|Ψi =
but no pre ise meaning to the fun tional measure

Is

DA

DA

ˆ

an

DAΦ∗ [A]Ψ[A],

an be given.

given by the Ashtekar-Lewandowski measure?

Yes!
Remember how the
forms as an

SU (2)

ru ial fa t whi h allows us to

onsistently quantize was that the Ashtekar-Barbero

Well, this is why. There's a beautiful mathemati al
are basi ally fun tionals of

generalized onne tions.

on ept whi h gives a measure on so- alled

LQG doesn't use Canoni al Commutation Relations, nor does it use the elds
elds

an't

onne tion trans-

onne tion? It was the reason to introdu e the Holst term in the rst pla e.

Aia

and

Ẽai .

ylindri al fun tions, whi

In fa t, it is

h

ru ial that these

be represented as operators on the Hilbert spa e. Eventually this will lead us to the dis reteness of spa etime

at short s ale.
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Instead, LQG uses the holonomy-ux algebra of integral variables. Consider a graph of points (usually
by paths (usually

alled links). A

ylindri

fun tion is the

alled nodes) joined

omplex-valued fun tion

Ψ(h1 , . . . , hn )
of the

n

holonomies asso iated to the links of the graph. The Ashtekar-Lewandowski measure on the spa e of

fun tions is given by

ˆ
where we use the invariant Haar measure on

SU (2)

n ˆ
Y

DA =

ylindri

dhx ,

x=1

for ea h link.

Isn't the Ashtekar-Lewandowski measure graph dependent?
At rst sight a nasty artifa t of graph dependen e appears to plague this

Ashtekar-Lewandowski measure is graph-independent.
This

an be shown as follows:

subset of links). Ea h

onsider a graph
′
ylindri al fun tion on Γ

Γ

and its subgraph

Γ′

onstru tion.

(a subgraph

an be represented as a

However, it is not so:

the

onsists of a subset of nodes and a

ylindri al fun tion on

Γ

whi h doesn't depend

on the remaining links:

ΨΓ′ (h1 , . . . , hn′ ) = ΨΓ′ (h1 , . . . , hn′ , . . . , hn ).
The idea is then to
later. And in

hoose a ri h-enough graph from the start, knowing in advan e that we won't need a ri her stru ture

ase we do, just pretend that this stru ture was there from the start.

Sin e the Haar measure is normalized by

ˆ

dhx = 1,

this denes the graph independent Ashtekar-Levandowski measure on the spa e of

ylindri

fun tions.

Why are there dierent Hilbert spa es in LQG?
Well, LQG operates on dierent Hilbert spa es :)
The reason behind this diversity lies in the

onstraints. One has to

Relativity as operators on the Hilbert spa e.

orre tly implement all the

onstraints of General

The resulting Hilbert spa e of physi al states is the mutual kernel of

onstraints (sin e physi al states get annihilated by

onstraints).

The following spa es are used throughout LQG:

1. The spa e of

ylindri al fun tions

produ t:

H yl = (Cyl, DA)

hΦ|Ψi =
An argument has been raised that

H yl

n ˆ
Y

uses the Ashtekar-Lewandowski measure to dene its inner

dhx Φ∗ (h1 , . . . , hn )Ψ(h1 , . . . , hn ).

x=1

is nonseparable, whi h is true. However, the spa e of physi al states, as long

as the kinemati al spa e of Loop Quantum Gravity  are both separable. Nonseparability is

ured by ba kground

independen e!
2. The spa e of gauge-invariant ylindri al fun tions
Alternatively we

ould solve the Gauss

3. The kinemati al spa e
by abstra t

K

Hgauge is obtained by requiring the fun tions to be SU (2)-invariant.
Hgauge is given by spin networks.

onstraint. The basis in

of LQG is the (dual of the) dieomorphism-invariant

spin networks aka s-knots.

Hdieo .

The basis in

Hdieo

is given

This spa e is separable, proving that all the ex essive size of the original

spa e was just gauge.
4. The physi al spa e

H

haven't been able to

is given by the kernel of the Hamiltonian
onstru t a

onvenient basis.
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onstraint in

K.

This is the only spa e to whi h we

How exa tly is spa etime dis rete?
It is important to keep in mind that dis reteness is not due to the preliminary setup, but due to quantization.

It is

fundamentally quantum.
It is often argued that the dis reteness was put in the theory by

onsidering

ylindri al fun tions, but as we've seen it

is not so: the Ashtekar-Lewandowski measure is graph independent. It allows all kinds of renements to be made to the
graph. Graphs are simply auxililary stru tures used to dene the measure on the spa e of generalized
How do we know that spa etime is dis rete then? Well we
the simplest is the area operator. Classi aly, area
small

hunks of the surfa e:

A(S) =

ould look at the spe trum of geometri al operators. Probably

an be determined by evaluating uxes of the densitized triad through

Xq
δ ij · Φi (∆Sx ) · Φj (∆Sx ).
x

Can we promote this to a quantum operator a ting on the kinemati al Hilbert spa e
First, let's des ribe how the area operator

Â(S)

Φ̂i (∆S)

K?

Yes!

a ts on spin networks whi h interse t the surfa e

the densitized triad a ts through dierentiation, we arrive at the dire t
ux operator

onne tions.

S

exa tly on e. Sin e

onsequen e of the holonomy-ux algebra: the

inserts into the spin network state a single node lo ated in the interse tion point with

γ~lP2 · τi
su(2)) in the representation given by the link olor. Sin e τi is not an intertwiner, the resulting
K, but rather in H yl .
q
However, the innitesimal area operator δ Â =
δ ij Φ̂i (∆S) Φ̂j (∆S) spawns two su(2) generators τi and τj , whi h when
ontra ted with the delta symbol give the quadrati Casimir of su(2):

(where

τi

is the generator of

state is not gauge-invariant, and thus doesn't live in

δ ij τi τj = j(j + 1) · I.

is

This is proportional to the identity operator, whi h
gauge-invariant and belongs to

K.

a 2-valent intertwiner, and the resulting spin network is a tually

Moreover, be ause the 2-valent intertwiner is proportional to the delta symbol, the

resulting spin network is equivalent to the same original spin network. The only dieren e is in the numeri al

In the general

ase, be ause area is additive, we

an simply add

links:

Â(S) = γ~lP2 ·

ontributions from all interse tions with the spin network

Xp
jx (jx + 1).
x

This is the spe trum of area. For example, the smallest nonzero area that any surfa e
a single interse tion with the spin-1/2 link:

Note that

oe ient:

p
δ Â |Ψi = γ~lP2 j(j + 1).

an have (the area gap) is given by

√
3
∆=
γ~ · lP2 .
2

an't be xed with renement of the graph, be ause the dis rete stru ture of the graph

is not

the

ause of the

an be dened to a t on spin networks. The kernel of this operator

orresponds

spa etime dis reteness. The real dis reteness is in the spe tra of geometri al observables.

Solving Hamiltonian

onstraint and spinfoams

There exist three approa hes to solving the Hamiltonian

1. The

anoni al approa h uses the

onstraint in LQG:

lassi al redenition of the Hamiltonian

H=

ˆ

onstraint

d3 x N tr (F ∧ {V, A}) ,

Σ
where

V̂

is the volume operator. This

to the physi al spa e of states

H.
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2. The master

onstraint approa h uses the single

M=

onstraint

ˆ

d3 x (tr (F ∧ {V, A}))

2

Σ
instead of the family of

onstraints parametrized by Lagrange multiplier

N (~x).

3. The spinfoam approa h will be the subje t of the up oming FAQ on spinfoams. It uses
of graphs (2- omplexes) in order to model the
is still unknown if transition amplitudes in
amplitudes have been obtained in the

proje tion operator

ombinatori

generalizations

on the kernel of the Hamiltonian

onstraint. It

anoni al and spinfoam pi tures are the same, be ause no transition

anoni al pi ture yet. Spinfoam

more results have been obtained.

12

omputations are mu h less opaque and mu h

