3D Loop Quantum Gravity amplitudes
I

al ulate some transition amplitudes in the Ponzano-Regge spinfoam model, whi h is a quantization of 3D Eu lidean

General Relativity. I
and investigate its

al ulate numeri al values for the transition amplitude

orresponding to a single spinfoam vertex

lassi al limit whi h turns out to be General Relativity proving a-posteriori that Ponzano-Regge model

is indeed a quantization of gravity in 3D. Then results of numeri al

omputations of the renormalized amplitude on the

1-bubble level is given.
The results from this post

an be extended to 4D, although the extension is nontrivial. We would have to use a yet-to-be-

dened in my blog spinfoam model for 4D Lorentzian Loop Quantum Gravity based on Barrett-Crane spinfoams. Most
of the results are similar, but there are ex eptions (whi h I shall emphasize).

Prerequisites
The

lassi al theory of 3D Eu lidean General Relativity in Palatini variables is given by the a tion

1
S[e, ω] = εabc
2

ˆ

ea ∧ F bc ,

M
where
onne

ea = eaµ (x) dxµ is the R3 -valued 1-form alled the frame eld, ωab is
ab
tion and F
= dω ab + ω ac ∧ ω cb is the urvature of the spin onne tion.

The fundamental

the

so(3)-valued

1-form

alled the spin

onstant of dimensions of length, whi h is also the typi al s ale of quantum gravity, will be denoted

κ = 8π~G
in what follows.

Spin networks
Canoni al analysis of the Palatini a tion gives rise to the spin network basis.
olored with

spins  irredu ible representations of su(2) and nodes

Spin networks are 3-valent graphs with links
intertwiners  intertwining operators

olored with

between the spins of in oming and outgoing links.
We don't bother spe ifying intertwiners in the nodes of the graph be ause of a pe uliar property of the re oupling theory
of

su(2):

between any three irreps there

have to spe ify the intertwiner be ause it
aren't any intertwiners asso iated to the

ould be either a single intertwiner or none. In the rst

ase, we don't a tually

an be derived unambiguously from the three spins. In the se ond
oloring of links with spins, and we

ase, there

on lude that the spin network doesn't exist.

The important relations, whi h are required by our demand for the existen e of an intertwiner between links with spins

j1,2,3

are given by:

(

These are

alled the

j1 ∈ {|j2 − j3 | , |j2 − j3 | + 1, . . . , (j2 + j3 )} ,
j1 + j2 + j3 ∈ R.

quantum triangular inequality.

An example of a spin network:
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The links

olored with spin-0 irrep are

onsidered nonexistent. Consider a node of the spin network, one of the in ident

edges of whi h is nonexistent. Using the quantum triangular inequality it is easy to show that the spins of the remaining
two links have to

oin ide (otherwise, there

ould be no intertwiner at the node). We

an thus erase the node and

onsider

the two links with identi al spins to be the same.
The valen y of the graph (whi h is xed to have 3 in ident links to ea h node, thus valen y 3) determines the nature of
the dual to the spin network 2-dimensional
omplex to be

a triangulation.

Spin network states

ellular

arry important geometri

a pre ise meaning to this statement,

omplex. In fa t, valen y 3 is pre isely what is needed for the dual

information:

they are eigenstates of 2D

boundary geometry.

onsider a length asso iated to some pie ewise-smooth

urve

γ

To give

embedded in the

boundary surfa e. In the quantum gravity theory with this length we asso iate a quantum operator a ting on the spa e
of states of boundary geometry. Spin networks diagonalize this length operator, the eigenvalues being equal to
Length[γ]

where the sum runs over interse tions of
This formula is

γ

=κ·

Xp
ja (ja + 1),
a

with links of the spin network,

ja

labeling the spins of the interse ted links.

ru ial to the physi al interpretation of spin networks: they are eigenstates of the quantum geometry of

the boundary surfa e.
Now

onsider the boundary triangulation, whi h is by denition a dual

ellular

omplex to the spin network. To ea h

segment of the triangulation we asso iate its length given by

la = κ ·
where

ja

p
ja (ja + 1) ∼ κja ,

is the spin of the dual link of the spin network. The

∼ sign

denotes the

lassi al limit of the quantum expression

lassi al limit we traditionally mean large-j limit. It is when quantum numbers are large when the

on the l.h.s. By

lassi al

behaviour dominates the quantum u tuations.
This allows for a beautiful physi al interpretation of the quantum triangular inequalities.
limit, the rst

ondition gives the

Note that in the

lassi al

lassi al triangle inequality for the three lengths of an elementary triangle from the

triangulation:

|l2 + l3 | ≤ l1 ≤ (l2 + l3 ) .
Thus, quantum triangular inequalities

an be interpreted as a quantum version of the well-known triangular inequalities.

Finally, take a se ond to appre iate the elegan y of the above
fully ba kground-independent way, that is, no referen e to any

onstru tion. It truly des ribes quantized geometry in a
oordinate frame has been used. In the spirit of ba kground

independen e, quantum geometry arises as a property of quantum states, labeled with the spin network basis. In other
words, there is no geometry without a given quantum state. Quantum states themselves determine the geometry instead
of living on a xed ba kground like in QFT in
The

dis reteness

urved spa etime.

of quantum geometry is also a

ru ial point. First, let's de ide what we mean by dis reteness. Even

better: let's de ide what we don't mean by dis reteness: the dis reteness introdu ed by the spin network graph is not what
is meant when we say that spin networks des ribe dis rete geometry. What we truly mean when we say that quantized
geometry is dis rete is  that the eigenvalues of the length operator aren't

ontinuous as one

ould've expe ted. Instead

there is a minimal possible length introdu ed by a single interse tion with a spin-(1/2) link:

lmin =
I

√
2κ.

laim that the existen e of the minimal length in the theory doesn't go against Lorentz invarian e. In fa t, Lorentz (in

our Eu lidean

ase,

so(3)) invarian

e is gauge and thus

ru ial to preserve in the quantum theory for reasons of

onsisten y.

l = lmin .

What would

happen when we Lorentz- ontra t it? The person asking this question sees two possible answers: it either

ontra ts, or

One often hears the following argument: suppose we have an extraordinary short sti k of length
it doesn't. In the former
than

lmin .

In the latter

This argument is

ase our original assumption

ouldn't hold true, sin e the

ontra ted length is obviously smaller

ase, Lorentz invarian e is violated.

ompletely wrong though, be ause it is based on a prejudi e of the existen e of

geometry. In the quantum ba kground-independent theory, on the

lassi al ba kground

ontrary, the argument fails. The answer to the question

(what happens when we Lorentz- ontra t the sti k?) is the following: we get a mixed state with the length of the state

0 and lmin (and probably other possible eigenvalues). The mean length has indeed ontra ted
lmin . This doesn't ontradi t our original assumption, sin e if we de ide to measure the length
either 0 (the sti k disappeared upon measurement), or we would get our lmin ba k.

being in a superposition of

and is now slightly less than
of the sti k, we would get
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The problem of time
General Relativity is a fully

onstrained theory. It means that its Hamiltonian des ription

onsists solely of

the Hamilton's fun tion being zero. Classi al Hamiltonian analysis of the Palatini a tion gives 6

onstraints,

onstraints whi h we

an

divide in 3 groups:

Constraint group
Gauss

Symmetry enfor ed by

onstraints

Hamiltonian

2-dimensional dieomorphisms of the boundary

onstraint

the remaining dieomorphism of 3D theory

To build the quantum theory we have to promote
solve them by extra ting a subspa e of

onstraint

Dµ eµa = 0
1 c
ab ν
2 εab Fµν ec = 0
ab µ ν
Fµν ea eb = 0

onstraints to quantum operators a ting on the Hilbert spa e and then

physi al states whi h solve all the

The spin network basis solves the rst two groups (Gauss
for this is that these

Formula for the

Lorentz gauge invarian e

so(3)

Dieomorphisms

onstraints

onstraints.

onstraints and 2D dieomorphism

onstraints enfor e symmetries whi h preserve the boundary. Hamiltonian

onstraints). The reason
onstraint, on the other

hand, enfor es the remaining dieomorphisms of the 3D theory whi h shift the boundary spatial surfa e and thus give
rise to time evolution.
In LQG we introdu e a notion of the
te hni al details here). The states in

kinemati al Hilbert spa e K (a tually it is a rigged Hilbert spa e, but I omit these
K are alled kinemati al states. They ontain quantum information about partial

observables, that is, ba kground-independent fun tionals of the boundary geometry.

However, they

ompletely fail to

apture the quantum dynami s of General Relativity.
We would like to des ribe the quantum dynami s of the ba kground-independent theory. As a rst step,

onsider quantum

dynami s of a eld theory on a xed ba kground.
Intuitively, the dynami s in the quantum theory is given by the Hamiltonian evolution of quantum states. We split the
boundary state in the past and future states:

|Ψi = |Ψpast i ⊗ |Ψfuturei .
The dynami s of the quantum theory is

aptured by the transition amplitude

U (|Ψi , t) = hΨfuture| Û (t) |Ψpast i .
If we try to naively employ this te hnique in the ba kground-independent

ontext, we would run into several interrelated

problems:

1. The time

t

on whi h the evolution operator depends is given with respe t to the ba kground. It is the time whi h

passed relative to the ba kground metri .

We don't have

t

in the ba kground

ontext.

But on the other hand,

transition amplitudes obviously depend on the time passed!
2. The operator

Û

is to be determined from

anoni al quantization of the Hamiltonian me hani s, but, as we have

learned already, the Hamilton's fun tion of General Relativity is identi ally equal to zero.
dynami s is des ribed by

Instead, the

lassi al

onstraints. Naively it appears like there isn't any time evolution at all. Are the states of

quantum gravity frozen in time?

As we see, these problems are all

onne ted to the dieren e of treatments of the

on ept

alled time in General Relativity

(and all ba kground-independent theories) on the one hand, and in Quantum Me hani s on another. The two notions
of time are dierent

problem of time.

reating the famous

on eptual

hallenge for any theories whi h attempt to re on ile the two:

The solution to the problem of time lies in the simple yet

the

ru ial fa t: in General Relativity, as well as in any other

ba kground-independent theory, time is just as physi al as any other element of our reality. In fa t, time is a spe i
property of the gravitational eld! However, there is a

oordinate-dependent evolution parameter

t whi

h is sometimes also

oordinate time or evolution parameter, on the other hand we will all the observable
fun tion of the gravitational eld physi al time. Hen e we make a distin tion between the two notions of time.
loosely

alled time. We will

all it

Whi h one of the two notions is used in quantum me hani s? Clearly, the quantum me hani al formalism makes use of
the

oordinate time. Physi al time is too

evolution of states is given solely in terms of

ompli ated to be des ribed by a single real number. This explains why the
onstraints: we inspe t the evolution law with respe t to unphysi al evolution
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parameter, or
hoi e of

t.

oordinate time

t.

It is not that evolution is frozen, instead we are observing that it is independent of the

From this point of view it seems inevitable that we would arrive at the problem of time!

How would we des ribe evolution in the ba kground-independent setting?
Well, we
of

ould solve the remaining Hamiltonian

onstraint of General Relativity and arrive at the (rigged) Hilbert spa e

physi al states H. Unlike the ordinary quantum me hani s on the ba kground, these states des ribe the whole histories

of quantum spa etime, not instantaneous information at the given moment of ba kground time.
Let's formulate our solutions to the te hni al problems formulated above:

1. The time

t

is unphysi al,

oordinate time. It

the theory is manifestly independent of the
2. The operator

Û

an't enter the expression for the transition amplitude simply be ause

t.

hoi e of

doesn't depend on unphysi al

t.

The evolution still happens in time, though. But this is physi al

time, whi h is a gravitational observable by itself. It means that the quantum information about the passage of
physi al time is
eld.

ontained in the quantum state, along with all the other properties of the quantum gravitational

The evolution operator is thus unique, instead of being parametrized by ba kground time

t.

It des ribes

transitions between kinemati al states, with the physi al time being en oded in the states themselves.

Spinfoams
How would we nd su h an evolution operator?
Instead of solving the quantum version of the Hamiltonian
a

proje tion operator

P̂

onstraint (the Wheeler-deWitt equation) we attempt to nd

K,

a ting on the kinemati al spa e

satises the Wheeler-deWitt equation:

su h that for any kinemati al boundary state its proje tion

Ĉ P̂ = 0,
Ĉ is the (appropriately dened)
for P̂ is given by the integral

where
sion

quantum operator asso iated to the Hamiltonian

P̂ =
Now

ˆ

dτ ei~

−1

τ Ĉ

onstraint. Formally, the expres-

.

omes the trivial yet important observation: our proje tion operator is nothing else but the evolution operator from

the previous se tion. Indeed, if we want to

al ulate the amplitude between two kinemati al states, we have to proje t

them on the physi al subspa e and take the physi al inner produ t:

(Φ|Ψ) = hΦ| P̂ † P̂ |Ψi = hΦ| P̂ |Ψi ,
where we use

|Ψ) = P̂ |Ψi to denote physi

al states, and we have

How would we nd the matrix elements of
An interesting

P̂

idempoten e P̂ †P̂ = P̂ 2 = P̂ for any proje tion operator.

between spin networks then?

ovariant approa h to the problem emerged in the late 90s

alled

spinfoam quantization.

In the spirit of

path integrals, we want to make sense of the Hawking's gravitational path integral

ˆ
by dis retizing the

ellular



lassi al variables on the triangulation and its dual 2-skeleton. This eventually leads to Ponzano-Regge spinfoam m

Spinfoams are higher-dimensional
spinfoam

Dg exp i~−1 SEinstein-Hilbert[g]

omplex

ounterparts of spin networks. The standard terminology is to

verti es, edges

and

fa es.

all the elements of the

Note that ea h edge is in ident to exa tly three fa es  be ause of

the requirement of being dual to a triangulation. A fa e, however,

an be bounded by any number of edges. In other

words, spinfoams are not triangulations, but dual to triangulations.
Spinfoams are

olored with irreps and intertwiners of the

3D, the relevant algebra is

su(2))

orresponding gauge algebra (in the

ase of quantum gravity in

as follows. Irreps (spins) are asso iated to fa es of the spinfoam. Intertwining operators

are asso iated to edges, whi h makes sense be ause ea h edge is in ident to exa tly three fa es.
The boundary of the spinfoam is a spin network. Fa es give rise to links of the spin network, while edges give rise to spin
network nodes. The group-theoreti al labels are simply

opied to the bounding spin network.
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The most important result of the Ponzano-Regge spinfoam model is the expression for the spinfoam amplitude

X

Z(s) =

σ: ∂σ=s



Y
Y
 (2jf + 1) ·
{6j} ,
v

f

where the sum is taken over spinfoams bounded by a parti ular spin network

f,

and

{6j}

is the Wiegner

6j -symbol

This is our transition amplitude.

for the

su(2)

Here

jf

is the spin of an (internal) fa e

It des ribes the amplitude of experien ing a parti ular spin network. All dynami al

predi tions of 3D quantum gravity

an be obtained solely from this expression.

The interpretation of the sum over spinfoams is two-fold. It
olored with faithful (nontrivial) irreps of
a sum over all possible

s.

Lie algebra.

su(2),

an either be interpreted literally as a sum over two- omplexes

or (whi h is more

onvenient for our purposes) it

olorings of a given 2- omplex. In the latter

ase, the

an be interpreted as

olorings with trivial irreps

orrespond to

simpler 2- omplexes with some of the fa es swit hed o , in the same manner as we interpret trivially- olored links of
spin networks as swit hed o .

First-order
I present

omputation

al ulations of amplitudes for a parti ular

lass of spin networks in the rst order ( onsidering only spinfoams

with a single vertex).
A typi al spin network of interest is presented on the pi ture below:

It is based on the full graph with 4 nodes
My

hoi e of labeling links with

displaying

alled

K4 .

The spins of the 6 links are denoted by

j, j, j, j, j, j

respe tively.

olors is probably not the best one (espe ially if the reader uses hardware in apable of

olors), but it appears to be the most intuitive.

Ea h node is given a unique intertwiner provided that quantum triangle inequalities for all four nodes hold. Otherwise,
the spe ied spin network simply doesn't exist in the spin network basis spanning the kinemati al spa e of states
Ea h node

an be thought of as a

hunk of 2-dimensional boundary. Ea h link

boundary of the two in ident nodes.

Joining

an be thought of as a pie e of a mutual

hunks in this way gives the topology of a sphere.

treatment of the quantum geometry spe ied by the spin network

K4 :

K.

That is our intuitive

it des ribes the quantum geometry of a spheri al

boundary in the 3D dierential spa etime manifold.
What about the transition amplitude

Z(s)

asso iated to the spin network? The spinfoam model suggests a value of

{6j} =



j
j

j
j

j
j



as a rst-order approximation. This is given by a single spinfoam whi h is

onstru ted by putting a spinfoam vertex in

the middle of the tetrahedron, joining the nodes of the spin network with the spinfoam vertex with spinfoam edges, and
nally, lling the surfa es bounded by spin network links with spinfoam fa es. The resulting spinfoam is presented on the
pi ture below ( olors

hanged):
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The bla k lines end on the 4 nodes of the spin network graph
In what follows we only

K4 .

onsider spin networks with equal spins:

j = j = j = j = j = j = j.
The spin network only exists for integer spins, be ause otherwise the se ond quantum triangle inequality isn't satised.
The value of the

{6j}

symbol

an be

al ulated in Wolfram Mathemati a using the following fun tion:

SixJSymbol[{j1, j2, j3}, {j4, j5, j6}℄
Let's

ompute

Z(s)

for spin networks with small spins (j

= 1 . . . 10).

This gives the transition amplitude in the ultra-

quantum regime:

Now let's

ompute the

lassi al limit of

Z(s),

that is, the value of

Z(s)

for large spins (j

= 100 . . . 200):

We observe os illating behaviour, whi h is great news and exa tly what we hoped for. In the
amplitudes are always dominated by the rapidly
os illation is given by a quantity

hanging phase (it is

alled ee tive a tion.

Lets determine the ee tive a tion dire tly from the spinfoam.
the

lassi al limit transition

alled the WKB approximation). The phase of the

We are going to make an edu ated guess, whi h is:

lassi al limit of the Ponzano-Regge model is General Relativity in 3D. Dis retized a tion of General Relativity is

well-known to be the Regge a tion

SRegge [la , δa ] = k

X

l a δa ,

a

where the sum is taken over the segments of triangulations (in general number of spa etime dimensions, the sum is taken
over

(d − 2)-simplexes

or

hinges ), la is the length of the a-th segment and δa is

alled the dihedral angle.

We are going to use the following formulas:

p
ja (ja + 1) ∼ κja ,
 
1
.
δa = ar os
3

la = κ ·

The rst is the length of the segment of the triangulation, evaluated using the interse tions with the spin network (in
the

ase of triangulation segments, we always have a single interse tion). The se ond is the dihedral angle of the regular

tetrahedron.
The Regge a tion thus depends on

j

as follows:

SRegge (j) ∼ 4kκar
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1
j = αj.
os
3

Now we

an make a predi tion.

Relativity. Then the

Suppose that the

lassi al limit of Ponzano-Regge is in fa t 3-dimensional General

lassi al behaviour of the os illating phase has to be given by Regge a tion. Hen e we are to expe t

the os illating phase to grow linearly with
the period of the os illating

urve

lose to

j for large j . This is in
j = 1000 and j = 2000 is

orresponden e with numeri al results! For example,
the same (approximately

∆j ≈ 5.5).

This result is among the most beautiful insights of Loop Quantum Gravity, along with the quantization of geometri
observables.
by the

We've seen that the

lassi al limit of the os illating phase of the quantum transition amplitude is given

lassi al dis retized a tion for General Relativity. Thus we have numeri ally

onrmed the hypothesis that the

lassi al limit of 3D Eu lidean LQG is General Relativity. The quantum dynami s of 3-dimensional General Relativity is
en oded in the group-theoreti al

onstru tion

alled the 6j symbol.

Note that we have a real-valued os illating fun tion

exp (iϕ(j)).
lassi al

It is be ause we are

Z(j) ∼ cos (ϕ(j))

instead of a

omplex-valued exponent

Z(j) ∼

onsidering General Relativity in Palatini variables. For any boundary there are two

ongurations instead of one, these are given by dierent signs of the tetrad. Note that Palatini a tion

hanges

sign under spa e-time ree tions, giving

Z(j) ∼ exp (iϕ(j)) + exp (−iϕ(j)) ∼ cos (ϕ(j)) .

Bubble

omputation and renormalization

Now we would like to go beyond rst-order. Consider a parti ular

ellular

omplex given by repla ing the single spinfoam

vertex from the previous se tion with a tetrahedron of four spinfoam verti es.
We denote the spins of the 4 internal fa es as

a, b, c, d

(a quite unusual

hoi e of letters, please be aware). The resulting

amplitude is given by the topology of the spinfoam:

Z(j) =

X

(2a + 1)(2b + 1)(2c + 1)(2d + 1)·

a,b,c,d

·



j
a

j
b

j
c



j
a

j
b

j
d



j
a

j
c

j
d



j
b

j
c

j
d



.

There is nothing spe ial about writing down the expression above. Its like writing down amplitudes for Feynman diagrams:
you simply plug in

{6j}

symbols for spinfoam verti es and keep tra k of the positions (this

an get tri ky as the pi ture

is 3-dimensional). I en ourage you to try writing down the expression above from s rat h.
The sum is over all possible values of spins
spin

J.

We

Numeri al

ut o spins of

a, b, c, d

a, b, c, d and

it introdu es a divergen e. We propose a regularization by a large

by requiring them to be less or equal than

J.

omputation take a signi ant amount of time for sensible values of

The values of

Z(j)

omputed for small

j = 0, 1, 2

and

j

J =8

J.

are shown in the table below:

Z(j), J = 8

0

1785

1

224.61

2

-26.70

The renormalization requires dividing the values by the normalization fa tor

Z(0)

representing the amplitude of the

null spin network (whi h is obviously a physi al state, as it satises the Wheeler-deWitt equation). The following table
ompares rst-order results with renormalized bubble (4th-order) results:

j
0

First-order

Z(j)

Renormalized bubble

1

ZR (j) = Z(j)/Z(0)

1

1

0.17

0.13

2

-0.043

-0.014

Note that rst-order terms are already a

ounted for in the renormalized bubble amplitude, be ause we are summing

over spinfoams some of whi h have turned o  fa es with spin-0 irreps. These fa es simplify the stru ture of
omplex naturally giving rise to all kinds of sub omplexes. We are automati ally summing over

ellular

ellular

omplexes by

simply allowing spin-0 irreps.
It turns out that for

J → ∞ the renormalized bubble amplitude be

omes

loser and

loser to the rst-order amplitude. We

an make sense of this by remembering that 3D General Relativity is a topologi al eld theory. It doesn't have propagating
degrees of freedom. In spinfoam language it means that rening the triangulation doesn't ae t the nal result. This is
spe i

to 3D.
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