
Se
ond quantization in 
urved spa
etime

Consider a free s
alar �eld on the 
urved ba
kground spa
etime with metri
 gµν(x) of signature (+,− − −). The a
tion
is given by

S[φ] =
1

2

ˆ

d4x
√−g

(

∂µφ∂
µφ−m2φ2 − ξRφ

)

,

where R is the Ri

i s
alar of the ba
kground metri
 and ξ is an arbitrary 
oupling 
onstant. The 
lassi
al equations of

motion are given by

(

�+m2 + ξR
)

φ = 0, � = ∇µ∇µ.

The Klein-Gordon bra
ket

We de�ne the Klein-Gordon bra
ket on the linear ve
tor spa
e of solutions of the equation of motion:

〈f ; g〉
Σ
= i

ˆ

Σ

dΣ · nµ (g∗∂µf − f∂µg
∗) ,

where Σ is an arbitrary spa
elike hypersurfa
e of dimension d− 1 = 3. Note that the bra
ket is by de�nition antilinear in

its se
ond argument: 〈f ; ag〉 = a∗ 〈f ; g〉. Also, 〈f ; g〉 = 〈g; f〉∗.

Claim: The Klein-Gordon bra
ket is independent of the 
hoi
e of Σ as long as both its arguments are solutions of the

Klein-Gordon equation.

Proof: Consider a spa
etime volume element V en
losed by two spa
elike boundaries Σ1 and Σ2. The di�eren
e between

the Klein-Gordon bra
kets evaluated at the boundaries is equal to

〈f ; g〉
Σ1

− 〈f ; g〉
Σ2

= i

ˆ

Σ1

dΣ · nµ (g∗∂µf − f∂µg
∗)− i

ˆ

Σ2

dΣ · nµ (g∗∂µf − f∂µg
∗) =

= i

ˆ

∂V

dΣ · nµ (g∗∂µf − f∂µg
∗) = i

ˆ

V

dV · ∇µ (g∗∂µf − f∂µg
∗) =

= i

ˆ

V

dV (∇µg∗ · ∇µf −∇µf · ∂µg∗ + g∗�f − f�g∗) =

= i

ˆ

V

dV (g∗�f − f�g∗) = i

ˆ

V

dV · g∗f
(

−m2 − ξR+m2 + ξR
)

= 0.

Thus 〈f ; g〉 is independent of the 
hoi
e of Σ.

Canoni
al quantization in 
urved spa
etime

Now we spe
ify a foliation of spa
etime into spa
elike hypersurfa
es Σt, parameterized by the time 
oordinate t. By

de�nition, the 
anoni
al momentum �eld is given by

φ̇ = nµ∂µφ, π =
∂L

∂φ̇
= φ̇,

and the 
anoni
al 
ommutation relations read

[φ(~x, t);π(~y; t)] = iδ(~x; ~y)

with

ˆ

Σ

dx · δ(~x; ~y) = 1.
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The next ingredient is the expression of the �eld operator and its 
anoni
al momentum in terms of the 
reation and

annihilation operators:







φ̂(x) =
∑

i

(

âifi(x) + â†if
∗
i (x)

)

,

π̂(x) =
∑

i

(

âiḟi(x) + â†i ḟ
∗
i (x)

)

,

where {fi, f∗
i } is a 
omplete orthonormal basis of solutions with positive and negative frequen
ies de�ned by











〈fi; fj〉 = δij ,
〈

f∗
i ; f

∗
j

〉

= −δij ,
〈

fi; f
∗
j

〉

= 0.

Claim: âi =
〈

φ̂; fi

〉

and â†i = −
〈

φ̂; f∗
i

〉

.

Proof:

〈

φ̂; fi

〉

=
∑

k

(

âk 〈fk; fi〉+ â†k 〈f∗
k ; fi〉

)

=
∑

k

(âk · δik + 0) = âi,

−
〈

φ̂; f∗
i

〉

= −
∑

k

(

âk 〈fk; f∗
i 〉+ â†k 〈f∗

k ; f
∗
i 〉
)

= −
∑

k

(

0− δij · â†k
)

= â†i .

The operators âi and â†i indeed have the meaning of 
reation and annihilation operators, whi
h 
an be proven by 
al
ulating

their 
ommutator.

Claim:

[

âi; â
†
j

]

= δij and [âi; âj ] =
[

â†i ; â
†
j

]

= 0.

Proof:

[

âi; â
†
j

]

= −
[〈

φ̂; fi

〉

;
〈

φ̂; f∗
j

〉]

= −i2
ˆ

Σ

dx

ˆ

Σ

dy ·
[

f∗
i (~x)π̂(~x)− φ̂(~x)ḟ∗

i (~x); fj(~y)π̂(~y)− φ̂(~y)ḟj(~y)
]

=

=

ˆ

Σ

dx

ˆ

Σ

dy
(

f∗
i (~x) · ḟj(~y)− ḟ∗

i (x) · fj(~y)
)

δ(~x; ~y) =

ˆ

Σ

dx · nµ (f∗
i ∂µfj − fj∂µf

∗
i ) = 〈fi; fj〉 = δij ,

and the remaining three 
ommutators 
an be evaluated in the similar fashion. Here we have used that π̂ =
˙̂
φ = nµ∂µφ̂.

Thus a 
olle
tion of {fi, f∗
i } with appropriate Klein-Gordon bra
ket relations is su�
ient to manufa
ture a Bose-se
ond-

quantized Hilbert (Fo
k) spa
e of symmetrized produ
ts of 
reation operators a
ting on the va
uum |0〉, whi
h is de�ned

by

∀i : âi |0〉 = 0.

Bogolubov expansions

Consider a 
urved spa
etime with two assimptoti
al �at boundaries 
alled �the past� Σp and �the future� Σf . On ea
h

boundary there is a preferred 
hoi
e of the basis of solutions of the Klein-Gordon equation (di
tated by the lo
al spatial

Fourier transform). We will 
all these 
hoi
es {fi; f∗
i } for �the past� and {Fi;F

∗
i } for �the future�. Both of them (by

de�nition) satisfy the usual Klein-Gordon bra
ket relations.

Sin
e both of them span the linear spa
e of 
lassi
al solutions, one of them 
an be expanded in terms of another:

{

fi =
∑

k (αikFk + βikF
∗
k ) ,

f∗
i =

∑

k (α
∗
ikF

∗
k + β∗

ikFk) ,

where αik and βik are 
alled the Bogolubov 
oe�
ients.

2



Claim: The physi
al meaning of the Bogolubov 
oe�
ients is given by

αik = 〈fi;Fk〉 , βik = −〈fi;F ∗
k 〉 .

Proof:

〈fi;Fk〉 =
∑

p

(

αip 〈Fp;Fk〉+ βip

〈

F ∗
p ;Fk

〉)

=
∑

p

αipδpk = αik,

−〈fi;F ∗
k 〉 = −

∑

p

(

αip 〈Fp;F
∗
k 〉+ βip

〈

F ∗
p ;F

∗
k

〉)

= −
∑

p

βip · (−δpk) = βik.

The Klein-Gordon bra
ket relations impose the following 
onsisten
y 
onditions on the Bogolubov 
oe�
ients:

{

∑

k

(

αikα
∗
jk − βikβ

∗
jk

)

= δij ,
∑

k (αikαjk − βikβjk) = 0.

Claim: The 
onsisten
y relations mentioned above hold automati
ally.

Proof:

δij = 〈fi; fj〉 =
∑

k,p

〈

αikFk + βikF
∗
k ;αjpFp + βjpF

∗
p

〉

=

=
∑

k,p

(

αikα
∗
jp · δkp − βikβ

∗
jp · δkp

)

=
∑

k

(

αikα
∗
jk − βikβ

∗
jk

)

,

and the 
omputation for 0 =
〈

fi; f
∗
j

〉


an be 
arried out in a similar fashion.

The same logi
 
an be applied to obtain an inverse expansion.

Claim: The inverse expansion is given by

{

Fk =
∑

i (α
∗
ikfi − βikf

∗
i ) ,

F ∗
k =

∑

i (αikf
∗
i − β∗

ikfi) .

Proof:

The �eld operator φ̂(x) 
an be expanded in terms of the past and future modes:

φ̂(x) =
∑

k

(

âkfk(x) + â†kf
∗
k (x)

)

=
∑

k

(

b̂kFk(x) + b̂†kF
∗
k (x)

)

.

We 
an relate the â and b̂ operators by substituting the Bogolubov expansion for fk(x) and f∗
k (x).

Claim:







âi =
∑

k

(

α∗
ik b̂k − β∗

ik b̂
†
k

)

,

b̂k =
∑

i

(

αikâi + β∗
ikâ

†
i

)

.

Proof:

âi =
〈

φ̂; fi

〉

=
∑

k

(

〈Fk; fi〉 b̂k + 〈F ∗
k ; fi〉 b̂†k

)

=
∑

k

(

α∗
ik b̂k − β∗

ik b̂
†
k

)

,

and the expression for b̂k 
an be 
arried out in a similar fashion.

Parti
le 
reation by the FLRW Universe

Suppose that the Universe 
ontained no parti
les in �the past�. Thus, we are assigning to it a quantum state |0p〉 whi
h
is a va
uum state for �the past�:

∀i : âi |0p〉 = 0.

We are interested in the quantum expe
tation of the total number of parti
les in the mode k present in the Universe in

�the future�: those parti
les we interpret as 
reated by the gravitational �eld:

N̂k = b̂†k b̂k.
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The quantum expe
tation is then equal to

〈Nk〉 = 〈0p| N̂k |0p〉 = 〈0p| b̂†kb̂k |0p〉 =
∑

i,j

〈0p|
(

α∗
ikâ

†
i + βikâi

)(

αjk âj + β∗
jk â

†
j

)

|0p〉 =

=
∑

i,j

〈0p|βik âiβ
∗
jk â

†
j |0p〉 =

∑

i,j

βikβ
∗
jk 〈0p| âiâ†j |0p〉 =

∑

i,j

βikβ
∗
jkδij =

∑

i

|βik|2 .

Now we investigate how the 
osmologi
al Friedman-Lemaitre-Robertson-Walker solution of Einstein's equations 
reates

spin-0 parti
les from the va
uum. The metri
 is given by

ds2 = gµν(x)dx
µdxν = dt2 − a2(t)

(

dx2 + dy2 + dz2
)

= a2(η)
(

dη2 − dx2 − dy2 − dz2
)

,

where η(t) = t/a(t) is 
alled the 
onformal time.

First, we have to spe
ify a basis of positive norm solutions:

fk(η, ~x) =
ei

~k~x

a(η)(2π)3/2
· χk(η),

where χk(η) is a solution of the di�erential equation

d2χk(η)

dη2
+
(

~k2 − V (η)
)

χk(η) = 0

with

V (η) = −a2(η) ·
(

m2 +

(

ξ − 1

6

)

R(η)

)

.

Claim: fk(η, ~x) indeed give the positive norm solutions of the Klein-Gordon equation

(

�+m2 − ξR
)

φ(x) = 0.
Proof: OMG this 
al
ulation is so 
ompli
ated I better skip it and hope that this result is indeed 
orre
t.

The perturbative 
al
ulation for m = 0 and around ξ = 1/6 gives the following result for the parti
le-
reation Bogolubov


oe�
ient:

βkk′ ≈ − iδkk′

2ω

+∞
ˆ

−∞

dηe−2iωηV (η).

For the mean energy density we obtain the following expression:

ρ =
1

(2πa)3a

∑

k,k′

|βkk′ |2 ≈ −
(

ξ − 1

6

)2

32π2a4

+∞
ˆ

−∞

dη1

+∞
ˆ

−∞

dη2

(

ln [µ |η1 − η2|] ·
d

dη1

[

a2(η1)R(η1)
]

· d

dη2

[

a2(η2)R(η2)
]

)

,

whi
h is independent of arbitrary µ whi
h is put there for the dimensional 
onsiderations. Assuming that ∆t ≪ H−1 =
√

12/R, we arrive at an approximate answer:

ρ ≈
(

ξ − 1

6

)2
H4

8π2a4
· ln

[

1

H∆t

]

,

N ≈
(

ξ − 1

6

)2
H3

12πa3
.

Thus the FLRW Universe 
reates massless parti
les from the va
uum, unless the 
oupling 
oe�
ient is at the value �xed

by 
onformal symmetry (ξ = 1/6).
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